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O 

1 BBe^GHHe H nocTanoBKH ochobhmx sa^an 

■ HacToamaa paGoxa nocBamena pemeHHio pa^a sKcxpeMajibHbix sa^^an p^jifi ;];HCTaHn;HOHHt>ix rpa(|)OB b 
^ leBKjiHflOBOM npocxpaHCTBe M" pacxymefl pasMepnocTH. HanoMHHM, hto ducmaHuuoHHUu spacp (hjih epacf) 
T—i 'paccmofiHuu) - sto xaKofl rpacj), y Koxoporo BepmHHbi SBjiaioTCH sjieMenxaMH neKOToporo MexpHHecKoro 

^lipocxpaHcxBa X c MexpHKofi p, a pe6pa - xe hjih HHbie napt.i BepniHH, oxcxohiii;hx ;i,pyr ox p^yra. na 

Q paccxoaHHe h3 ;];aHHoro MHoacecxBa A C M_,_. Hhbimh cjioBaMH, rpacj) G = (V, -E) ;],HcxaHii,HOHHL.iH, ecjiH 

V^CX, EC{{x,i/}: x,yGr, p(x,y)G^}. 

> ■ 

^ i /^HCxaHii;HOHHbie rpacj)t.i nrpaiox orpoMHyio pojib b KOMGnHaxopHOH reoMexpHH. HanpHMep, ohh ecxe- 
, Q . cxBeHHbiM o6pa30M BosHHKaiox B CBJI3H c KjiaccHHecKOH saflaHett o xpoMamuHecKOM HucAe npocmpaHcmea 
■M". 3xa sa^ana cocxohx b oxbicKaHHH HaHMeHbinero KOJinnecxBa xl^^") n;BexoB, b Koxopbie mojkho xax 
^ noKpacHXb Bce xohkh M", hxoGbi ueyKpy oflHoii,BexHt.iMH xoHxaMH ne Gbijio paccxo5iHH3 1: 

oo: 

^ o^ecB |x — y| - eBKjiHflOBo paccxosiHHe Meac^y BexxopaMH. IIohhxho, npn^eM a^ecb h ^HcxaHii;HOHHi>ie 
O rpacjDBi. /leflcxBHxejiBHO, BOSBMeM rpacj) = (5J, <£), y Koxoporo 

T!: QJ = M", e={{x,y}: |x-y| = l}. 

>■ 
• 1^ « 

^ PaccMoxpHM ero xpoMamuuecKoe hucao x(^) (MHHHMajibHoe KOjinnecxBO i],BexoB, b Koxoptie mojkho xaK 
^ inoKpacHXb Bce BepniHHbi rpa(|)a, hxoGbi y Hero ne Gbijio pe6ep c o;];Hon;BexHbiMH KOHn;aMH) . 5Icho, hxo 
■ - - = Bojiee xoro, ho xeopeMe H. 3pflema - H.F. BpH,HHa (cm. [1]), ecjiH Bejinnnna 

KOHeHHa, xo oHa ^ocxnraexca na nexoxopoM KoneiHOM no^rpacj^e rpacjja &. O^naKo coBceM jierxo bh^cxb, 
Hxo, CKaJKeM, ^ {n + l)", h, cxajio Gbixb, c xohkh apenna xpoMaxHHecKoro HHCjia npocxpancxBa, 

^ocxaxoHHo orpaHHHHXbcs HsyneHHeM KOHCHHtix rpacJ)OB paccxosHHii b M". 

HepeHHCJiHM ocHOBHbie peayjibxaxbi o xpoMaxHnecKHx nncjiax ^HcxaHn;HOHHbix rpa(|)OB b pasjiHHHBix 
pasMepnocxHx. Hac 6yflfiT HHxepecoBaxb b nepByio onepe^b MaKciiMajibHoe sHaneHHe xpoMaxunecKoro 
HHCjia, x.e. BejiHHHHa x(I^")- 



r)=min|x: W = V,[_\. . .[_\V^, \/ z \/ e V, |x-y|^l}. 



= 2. 3xox pesyjibxax oneBH^eH. 

4 < ^ 7. 06a pesyjibxaxa ^^obojibho npocxbie. /^OKasaxejibcxBa hx mojkho nafixH b pa6oxax 

[2], j3] H B Gpomiope |4j. 

6 < ^ 15. HnjKHaa on;eHKa npHna^JieJKHX O. HenymxaHy (cm. p]), a BepxHsa - JX- Kyjicony 

(cm. p]). 



*Pa6oTa BbinojiHena npii (JjHHaHCOBOii no/mepjKKe rpaHia POOH 09-01-00294, rpanTa IlpeaHfleHTa PO Mfl-8390. 2010.1, 
rpaHTa nofl^epjKKH seflymHx Hay^Hbix niKOji HIII-8784. 2010.1. 



• 7 < x(M^) < 54. Hh>kh5I5i on;eHKa npHHa^jieacHT K. KaHTBejijiy (cm. [7]) h JI.JI. HBanoBy (cm. [8j), 
a BepxHSH - r. Toxy h P. Pa^oHHHHy (cm. [9j). 

• (1.239... + o(l))" < xl^^"") < (3 + o(l))". Hh>kh5I5I oii;eHKa npHHa^JiejKHX A.M. Faliropo^^CKOMy (cm. 
[lOj). a BepxH33 - JlapMany h K.A. Po^JKcpcy (cm. [llj). SaMexHM, hto npHBe^ennaH hh>kh35i 
oii;eHKa HBjiaexca MOflH(|)HKan;HeH nepBOHanajiBHOH 3KcnoHeHij,Hajit>HOH ou,eHKH H. OpaHKjia h P.M. 
YHjicoHa, HMeBinefi bh;^ > (1-207... + o(l))'' (cm. p]). 

TaKHM oGpasoM, mbi bujxhm, hto c pocxoM pasMepnocxn xpoMaxH^ecKoe hhcjio npocxpancxBa (MaxcH- 
MajiBHoe sHaneHHe xpoMaxHHecKoro HHCJia rpacjDa paccxoaHHfi b M") pacxex 3KcnoHeHn,HajiBHo. 

OxMexHM xaKJKe, hto ^jia ^HcxaHii;HOHHbix rpacjiOB, Koxopbie mbi ceflnac paccMaxpHBaeM, MHoa<;ecxBo 
A, nopojKflaiomee pe6pa, HMeex xpHBHajibHtm bh^ A = {1}. Hcho, hto b paMxax sa^ann o xpoMaxn^ecKHx 
HHCjiax Mbi c xeM >Ke ycnexoM mojkcm bshxb jiioGoe .4 = {a}: ox 3xoro HHHero He hsmchmxch. SaMcxHM, 
HaKOHeu;, hxo, nocKOJiBKy mbi sanpeiu^aeM xoHKaM o^Horo ii;Bexa oxcxohxb ^pyr ox ^pyra na paccxoanne 1 
(hjih a), BejiHHHHy a aanacxyio nasbiBaiox sanpeiu^eHHUM paccmoHHueM. 

HepeH^eM k nocxanoBKaM sKcxpeMajiBHbix 3a.j\&^, o Koxopbix nofl^ex penb b nacxoamefi pa6oxe. B 
1959 Topy 3p;];em (cm. p3]) ;i,oKa3aji KpacHBbitt h ;i,oBOJibHo HeojKHflaHHbifl (|)aKx. 

TeopeMa 1. Ilycmb k > 2, I > 2 - npouseoAbuue HamypaAbHue HUCAa. Tosda cyiu,ecm6yem epacf), y 
Komoposo xpoMamuHecKoe hucao 6oAbme k, a dAuna MUHUMaAbHoso npocmoso yuKAa 6oAbme I. 

Hhbimh cjioBaMH, GbiBaiox rpacjDbi G co ckojib yro;];Ho GojibniHM xpoMaxanecKHM hhcjiom xiG) h o6- 
xeamoM g{G) (;i,jihhoh KpaxHaflmero ii;HKjia). 

B 1976 ro;i,y 3p;];em, oxxajiKHBaacb ox CBoeii jkc xeopcMbi 1, c(|)opMyjiHpoBaji xaKofi Bonpoc (cm. [14J): 
cymecmeyem au ducmaHv^uoHHUu spacp na UAOCKOcmu, UMetoinuu xpoMamunecKoe hucao 4 u ne codepMca- 
muu mpeyzoAbHUKoe? OxMexHM, hxo KOHcxpyKn;H3 hs ^^aiomaH oii;eHKy ^ 4, co^^epacnx nexbipe 

xpeyrojiBHHKa, h 3xo no cymecxBy. Ha Bonpoc 3p^ema 6biji nojiynen yxBepflHxejiBHBifl oxbcx. Yyae b 1979 
ro^y H. YopMajifl nocxpoHJi hjiockhh rpacj) paccxosHHii c xpoMaxn^ecKHM hhcjiom 4 h 6e3 xpeyrojibHH- 
KOB (cm. [15]). IlpaB^a, y 3xoro rpacjDa 6bijio 6448 BepniHH. B 1996 ro^y H. O'/JoHHejiji h P. Xox6epr 
npe^jiojKHjiH aHajiorHHHbiH rpa(|) Bcero c ^Ba^n;axbio xpcMa BepniHHaMH (cm. [16j). HaKonen,, b 2000 ro- 
^y O'/^OHHejiJi flOKasaji cymecxBOBaHHc rpacjja paccxoanHfl na hjiockocxh c xpoMaxH^ecKHM hhcjiom 4 h 
Hanepe^ saflaHHbiM oGxBaxoM (cm. |17] . |18]). 

Hac HHxepecyiox oGoGmeHHa sa^^ann 3p;];ema na cjiyHaii pasMepnocxn n > 3. PasyMeexcH, sfleci. 
pcHb TAjxei o nocxpoeHHH rpa(|)OB c xpoMaxn^ecKHM hhcjiom, MaKCHMajibHO Gjihskhm k HaH6ojibmeMy h3 
HSBecxHbix. TaK, b pasMepnocxH 3 hmccx cmbicji roBopnxb o xpoMaxH^ecKOM hhcjic 5 hjih 6. B pacxymefi 
pasMepHocxH HpaBHjibHbiM anajioroM nexBepxH cjiyacHx 3KcnoHeHxa. OcxaexcH jinnib bbccxh ocHOBHbie 
BejiHHHHBi, Koxoptie HaM npe^cxoHX Hsynaxb. 

HxaK, nycxB uj{G) - 3xo hhcjio BcpmiiH b MaKCHMajitHOM hojihom noflrpa4)e rpacjia G = (V, E): 

uj{G) =ma.x{\W\ : W CV, ^ x,y eW {x,y} e E}. 

HocKOjiBKy JI1060H nojiHbiH no^rpacj) naabiBaexca kaukou, BejiHHHny U}{G) nastiBaiox kaukobum hucaom 
rpacjaa. YxBepiKfleHHe "u){G) < 3oHeBHflHo, paBHocHjitHo yxBepacfleHHio 06 oxcyxcxBHH xpeyrojiBHHKOB b 

G. riojIOJKHM 
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= sup < 
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PasyMcexca, ^Ji3 HCKOxopbix k 3x11 BejiHHHHbi Moryx OKasaxbCH MCHbine e;i;HHHii;bi, h xor;i;a CMbicjia b 
Hx paccMoxpeuHH Hex. OcHOBHaa ii;ejib HacxoHmefl paGoxbi cocxohx b xom, hxoGbi ;i;oKa3axb uepaBencxBa 

Cclique(fc) > 1 BCCX k H, GojICC XOrO, HafiXH OnXHMajIBHbie SHaHCHHa B npaBblX HaCXaX 3XIIX HepaBCHCXB. 

AnajiorHHHoe Hccjie;i;oBaHHe mbi npoBe;i;eM h ;i;jih cjiynaa bcjiuhuhbi Cgirth(^)- 



^ajibHeflmaa cxpyKxypa cxaxbH 5y^ex cjie^yromeli. B pas^ejie 2 Mt.i no^poGno nayHHM BejiHHHHy 

Cclique(3). B paSflCJIC 3 ML.I nOJiyHHM CepHK) On,eHOK fljia Cclique(^) C npOH3BOJIbHL.IM fc, mCXOfl^S H3 HeKOXOpO- 

ro oGmero noflxo^a, cBasaHHoro c xeopnefi KOflHpoBaHHH. B paa^ejie 4 mbi xaxace nojiy^HM on;eHKH fl^jis 
Cciique(^) c npoH3BOJit.HL.iM k, HO HpH 3XOM HCHOJib3yeM HpHHn;HnHajibHo ;i,pyroH nOfl;KOfl,, HeJKejIH B p&SflfiJie 
3, - nofl;KOfl, BepoaxHocxHbiH. B xom jKe pa3^ejie 4 mbi axxypaxHo conocxaBHM Bce HOJiyneHHtie pe3yjib- 
xaxbi. Pa3;i,eji 5 mbi hocbhxhm oH;eHKaM BejiHHHHbi Cgirth(fc)- HaKOHen;, b mecxoM pa3^ejie mbi oGoGmHM 
HOJiynenHbie pe3yjibxaxt.i na cjiynafi hcckojibkhx 3aHpen],eHHL.ix paccxoaHHH (;];HcxaHH,HOHHt.ix rpacj^oB b 
C MHOJKeCXBaMH 3aHpexoB A, \A\ > 1). 

SaBepmas pa3fleji, 3aMexHM, hxo Hcxopnio 3a^aHH o xpoMaxHnecKOM hhcjig npocxpancxBa h pasjiHHHbie 
pesyjibxaxbi oxHocHxejibHo flHcxaHH,HOHHbix rpacJaoB mojkho nanxH b o63opax [19], |20] . |21) h KHHrax 
|22], [23], [21J, [25], [26]. 



2 Ol];eHKa BejIHHHHbl Cclique(3) 



9xox pa3fleji mbi nocxpoHM cjie^yiomHM o6pa30M. B naparpa(|)e 2.1 mbi c(|)opMyjiHpyeM nam ochobhoh 
pe3yjiBxax. B naparpacj)e 2.2 mbi ero ^oKajKCM. naparpacjDbi 2.3 h 2.4 6yflyx nocBsmeHbi oGcyjK^eHHio 
B03M0JKH0CXH yxoHHeHHS ocHOBHoro pe3yjiBxaxa. 

2.1 OopMyjiHpoBKa ocHOBHoro pesyjibxaTa 

CnepBa 3aMexHM, hto ein;e b 2007 ro;i,y O.H. PyGanoB ^oKa3aji cjie^yiomyio xeopeMy (cm. |27]). 

TeopeMa 2. Cymecmeyem maKou spacf) paccmofiHuu G e M^, nmo xiG) > 5 u u}{G) < 3. 

B 9XOM ropy PyGanoBy yj^ajioch 3aMeHHxij oii;eHKy u}{G) < 3 na u}{G) < 2. /JanHbifi pe3yjibxax noKa 
He onyGjiHKOBaH. Hxo ace ;i,o ochobhofo namero Bonpoca - Bonpoca o rpacjiax 6e3 xpeyrojibHHKOB b M", 
n — 7- oo, H Hx xpoMaxHHecKHX HHCjiax, - xo npHHii;HnHajibHO hobbih pe3yjibxax no neMy co^^epacnxca b 
xeopeMe 3. 



TeopeMa 3. HMeem Mecmo oyeuKa 



1/3 /2\2/3 



Cclique(3) > 2 • ( - ) •(-) = 1.058.. 



TeopeMa 3 03nanaex, nxo b pacxynien pa3MepnocxH ecxb rpa(|)t.i paccxoannn 6e3 xpeyrojiBHHKOB, y 
Koxopbix, xeM ne Menee, 3KcnoHeHu;HajibHO Gojibmne xpoMaxnnecKne nncjia. Konenno, BejiHHHHa 1.058 
MeHbme n Bejinnnnbi 1.239, n Bejinnnnbi 1.207 (cm. pa3;i,eji 1), no ona Bce-xaxn cxporo 6ojit.me ej\mim\i,i. 
Bojiee xoro, h3 xeopeMti 3 MOMenxajit.no cjiepyei: ocMbicjiennocxB H3ynenHH ecex BCJinnnn Cciique(^)5 t.k. 
Mt.1 xenepb 3naeM, nxo KdJKjxa.^i h3 sxhx BCJinnnn nnxaK ne Menbme, ncM 1.058. 

B cjie^yiotLi;eM naparpacjae mbi flOKajKCM xeopeMy 3. 



2.2 ^OKasaTejibCTBO TeopeMbi 3 

SacjDHKcnpyeM pa3Mepnocxb n. Hojiojkhm k = [0.5n]. PaccMoxpnM MnnnMajitnoe npocxoe nncjio p, 
xaKoe, nxo k — p < f — 1- H3Becxno, nxo c pocxoM n cnpaBe;];jiHBa acHMnxoxnxa p = p{n) ~ |. 3xo 
oGycjioBjieno xcm, nxo MeyKjxy x r x + O (x°'^^^) Bcer^a ecxb npocxoe nncjio (cm. |28|). 

PaccMoxpHM rpacj) G = {V,E), y Koxoporo 

= {x = (xi, ...,Xn): V 2 Xi e {0,1}, xi + . . . + Xn = k}, E = {{x, y} : x, y G V, |x - y | = ^/2p}. 

Hhbimh cjiOBaMH, 3fl,ech 3anpen];ennoe paccxoanne - sxo BCJinnnna a = a/2p, Koxopaa o^no3nanno coox- 
BexcxByex cxajiapnoMy npoH3Be;];enHio (x, y) = k — p. 

HpeJK^e Bcero 3aMexHM, nxo b rpa(|)e G nex xpeyrojibnnKOB. /JencxBHxejibno, npe^nojiojKHM, nxo xpe- 
yrojibnHK c BepmnnaMH x, y, z namenca. 06o3nanHM nepe3 TZn MnoJKecxBO {1, . . . ,n} noMepoB Koop^nnax 



KaJK^oro H3 BeKTopoB t G V. riycTb A^, AyjAz C TZn - MHoacecxBa no3Hn;HH, na Koxopbix pacnojioaceHbi 
e^HHHn;L.i BeKxopoB x, y, z cooTBexcTBeHHO. HocKOjibKy napa x, y o6pa3yeT pe6po, |y4x U Ayl = k + p. 
Ha no3Hn;H5ix h3 Ax U Ay BCKTop z He MOJKex hmctb Gojibine, hcm 2k — 2p, e^^HHHii;. SnaHHT, ocTajibHbie 
k — {2k — 2p) = 2p — k ero e^^HHHn; ^^ojijkhbi pa3MecTHTbC3 na no3Hii;H5ix h3 TZn \ (Ax U Ay). KojinnecTBo 
3THX no3Hij;HH paBHO n — k—p. Ecjih mbi noKaJKCM, hto n — k — p< 2p — k,TO mbi npn^eM k npoTHBopeHHio 
c npe;];nojio>KeHHeM o HajiHHHH xpeyrojibHHKa b G. HxaK, 

/ fi \ / Tl Tl\ 

{n-k-p)-{2p-k)=n-3p<n-3[k - - + < n - 3 - - j =0. 

HcKOMoe HepaBeHCTBo ycTaHOBjieno, h, 3HaHHT, b G na caMOM ^ejie oTcyTCTByioT xpeyrojibHHKH. 

Hepefl^^eM k on;eHKe xpoMaTHiecKoro HHCJia. Xopomo H3BecTHo HepaBencTBo > '^)^ 0!{G) - 
3TO BejiHHHHa, B HeKOTopoM CMbicjie ^BoiicTBeHHaa BejiHHHHe uj{G) (oTcio^a h o6o3HaHeHHe) : 

a{G) =ma.x{\W\ : W CV, ^ x,y eW {x,y} ^ E}. 

3Ta BejiHHHHa Ha3t.iBaeTC5i hucjiom HesaeucuMocmu rpacjDa; b cboio onepe^b, Bce MHOJKecxBa BepniHH 
rpacj)a, cBo6o^HL.ie ox ero pe6ep, Ha3biBaioTC5i neaaeucuMUMu. TaKHM o6pa30M, hhcjio He3aBHCHMocTH - 

3TO MOmHOCTb CaMOFO 6ojIBmorO He3aBHCHMOrO MHOJKeCTBa BepniHH. 

B HameM cjiynae, oneBH^Ho, \V\ = C^. SnaHHT, naM nyjKHo xax mojkho xoHHee oii;eHHTi> CBepxy a{G). 
3to jxejiaeTcs c noMombio jiHHeiiHo-ajireGpaHHecKoro Mexo^^a b KOM6HHaTopHKe (cm. [26], [2S])- A hmchho, 
Kaac^OMy BCKTopy x G V mbi coiiocxaBjiHeM HeKOTopbifi nojiHHOM Px G Z/j9Z[yi, ...,?/„]. B ^annoM cjiynae 
Mbi nojiaraeM 

p-i 

^x(y) = n (^-(x>y))> y = (i/i>- ••>!/«)• 

i=0,i^k (mod p) 

Hhbimh cjioBaMH, npoH3Be^eHHe Gepexca no bccm HaHMeHbniHM HeoxpHij,axejiL>Ht>iM BtmexaM no Mo^yjiio 
p, KpoMe ocxaxKa ox ^ejienna k na p. 

riojiHHOMiji nofloGpanbi xax, nxoGbi BbinojinHjioct. cjie;];yion];ee 

CfioiicTBO 1. /^A^i Am6ux x, y G F ycAoeue (x, y) = k (mod p) paenocuAhHO ycAoeum -Px(y) ^ 
(mod p). 

Cbohcxbo OHeBHflHO, H Mbi CFO nc ;];oKa3biBaeM. Hcno, fl^ajiee, nxo cxenenb Kaac^^oro nojinnoMa ne 
npeBocxo^HX p—1. CefiHac mbi en^e ynpocxHM nojinnoMbi, npn^eM xaK, nxo cbohcxbo 1 fl^Jis hobbix nojin- 
noMOB ocxanexca BcpntiM. PacKpocM b ^annoM nojinnoMC Px cko6kh. Hojiynnxca jinnennaa KOM6HHan,H5i 
MonoMOB, KayKflf^m h3 Koxoptix hmccx bh^ 

yi^' ■ . . . ■ yi^\ q<p-l. 

OopMajIBHO 3aMeHHM BCSKHH XaKOH MOHOM MOHOMOM 

yii • • • • ■ yiq- 

HocKOjiBKy B CBOHCXBC 1 cJaHxypHpyiox jiHmt BeKxopbi y G V, x.e. BCKXopBi, Bce KoopflnnaxBi Koxopbix 
cyxB HjiH 1, xo 3nanenHe nojinnoMa ne noMcnaexca, a cxajio 6bixb, cbohcxbo 1 ^Jia hobbix hojihhomob 
Px CHOBa BBinojineno. 

HojinnoMBi P^ xopomn xeM, hxo, xoxa hx cxenenn no-npe>KHeMy Moryx flocxnraxb 3HaHeHH3 p — 

p-i 

Bce onn co^^epxcaxcH b npocxpancxBC nojinnoMOB pa3MepnocxH ^ < nC^. Ha cpaBnnxejibnon Majiocxn 

3XOH pasMepnocxH mbi h cbirpacM. 

PaccMoxpHM npoHSBOJiBHoe ne3aBHCHMoe MnoacecxBO W = {xi, . . . ,Xs} C V. Hnane roBopa, fl^jis jik>- 
6hix i,j BBmojineno (x,, xj) ^ k—p. Bo3BMeM nojinnoMbi P^_^, . . . , P^ . Hpe;],nojio>KHM, hxo ^jia ncKoxopbix 
Ci, . . . , Cs G Z/pZ HMcex Mecxo cpaBnenne 

CiP^^(y) + ... + c,P^^(y) = (modp) VyGK 



riycTb y = Xj, i - jiio6oe. Torfla 

(xj, y) = (xi, yii) ^k = k (mod p). 

SnaHHT, BBH^y CBoiicTBa 1, P!x_^{y) ^ (mod p). B to jkc BpcMH (x^.y) ^ k — p. PasyMeeTca, (xj,y) < k. 
Ho OHeBH^HO, HTO k — 2p < 0, T.e. (xj, y) > A; — 2p. B HTore (xj, y) ^ A; (mod p), a CTajio 6biTb, ohhtb >Ke 
sa c^eT CBOHCTBa 1, -Px^. (y) = (mod p) fljia Bcex j ^ i. HocKOJiBKy p - iipocToe, HMeeM q = (mod p) 
npH J11060M i. 

HpHBefleHHoe Bbime paccyacflenne noKaatiBaeT, hto nojiHHOMbi P^^ , ■ ■ ■ , jiHHeiiHO HeaaBHCHMbi nafl 
Z/pTi. CjieflOBaTejiBHO, s ne npeBocxo^HT pasMepnocTH npocTpancTBa, nopojKfleHHoro sthmh nojiHHOMaMH, 
a oHa, KaK mbi homhhm, ne 6ojii.me, hbm nC^. MnojKecTBO W 61.1J10 npoH3BOJii.Hi.iM, Tax hto BbinojiHeno 
H HepaBeHCTBo a{G) < nC^. 

HTaK, 

^<«' ^ 

riojibsyeMca tbm 4)aKT0M, hto p ~ |, h CTanflapTHbiMH BbiKjiaflKaMH c ynacTiieM 4)opMyjibi CTnpjiHHra. 
riojiynaeM 

C„^ = (2 + 0(1))", ^^'-( (1/3)1/3^(2/3)2/3 +^(1))"' Cciique(3) > 2 • Qy^' ■ Qy^' = 1.058... 
TeopeMa flOKasana. 

2.3 OGmaa KOHCTpyKi],HH c (0,l)-BeKTopaMH 

B ^OKasaTejibCTBe TeopeMbi 3 mbi HcnojibsoBann rpacj), Bepmnnbi KOToporo npe;];cTaB,nHjiH co6oii (0,1)- 

BCKTOpbl C 4>HKCHpOBaHHbIM KOJIHHeCTBOM k eflHHHU,. IIpH 3TOM k 6t.IJIO Bbl6paHO paBHBIM [0.5n]. IIpH 

BHHMaTejiBHOM H3yHeHHH Bcero paccyjKfleHHs, npHBe^eHHoro b §2.2, cTanoBHTCfl acho, hto c caMoro na- 
najia moscho Sbijio SpaTb cjieflyioiii,yio 6ojiee o6ii],yio KOHCTpyKi^nio. 

HycTb k & N, k < n. ITycTb TaioKe p - jiioSoe npocToe hhcjio. IIojiojkhm 

y = {x = (xi, . . . , Xn) : V i Xi e {0,1}, xi + . . . + Xn ^ k}, E ^ {{x, y} : x, y e |x - y| = y/2p}. 

HpH P < f TpeyrOJIBHHKH B KOHCTpyKIi;HH TOHHO eCTb. HpH P > I yCJIOBHCM OTCyTCTBHfl TpeyrOJIBHHKOB 

aBCHCTBO 

n — k— p<2p — k. 



B KOHCTpyKi];HH HO-npeacHeMy cjiyacHT nepaBencTBO 



Hhbimh cjiOBaMH, p > f iipH J11060M k. YcjiOBHeM npHMeHHMOCTH jiHHeiiHO-ajireSpaHHecKoro MCTO^a ab- 
jiaeTCfl, B CBOK) onepeflB, nepaBencTBO 

k — 2p < min(x, y) = max{0, 2k — n}. 

EcjiH A; < ^ H p > |, TO 

, ^ 2n 2n ^ ^, . 

k-2p< ^ = 0< max{0, 2A; - n}. 

EcjiH jKe ^ < A; < n H p > |, TO 

k — 2p < n ^ = -^< max{0, 2A; — n} = 2A; — n. 

TaKHM o6pa30M, ycjiOBne OTcyTCTBHs TpeyrojitHHKOB Bcer^a BjieneT npHMeHHMOCTb jinHefiHoii ajireSpti. 
riojiynaeTca oii;eHKa 

KOTopaa, OHeBHflHO, TBM Gojibine, neivi Menbine p. CjieflOBaTejitHO, mbi B03Bpaiii,aeMCfl k cuTyaufm p ~ 
Bojiee Toro, yace npn ;];aHHOM p oii;eHKa tcm jiynme, neivi SojiBinee 3HaHeHHe npHHHMaeT BejiHHHna C^. Tax 
Mbi B03Bpam;aeMCH k A; = [0.5n]. 

Mbi iioKasajiH, hto napaMeTpbi b Teopene 3 Gbijih BbiGpanbi onTHMajiBHo c tohkh 3peHHa npefljioaceH- 
Horo MCTOfla. 



2.4 ^ajibHeHLUHe B03Mo:a<:Hi>ie o6o6ii];eHHH 

rpa(|)t.i, MHoacecTBa BepniHH Koxoptix cocto3t h3 (0,l)-BeKTopoB, B HayKe o xpoMaTHHecKHx HHCJiax 
BnepBbie 6l.ijih HcnojibsoBaHbi b paGoTe [12], r^e, xax mbi yace roBopnjiH b pasp^ejie 1, Gbijia ^^OKasana on;eH- 
Ka xll^*^) ^ (1.207... + 0(1))". Bnocjie^cTBHH paccMaTpHBajiHct h rpa(|)t.i Gojiee oGmero BH^a. HanpHMep, 
HaHjiynmaa HSBecxHaa oii;eHKa xpoMaxHHecKoro HHCJia npocTpancTBa (c KOHCTaxofi 1.239 b ocHOBaHHH 3kc- 
noHeHTbi) nocTpoena na paccMOTpeHHH rpa(|)OB c BepniHHaMH b (-l,0,l)-BeKTopax (cm. jTU]). HayiajiHci. h 
rpacjDbi, BepniHHbi KOToptix sbjisiotcs npoHSBOJibHbiMH sjieMeHxaMH pemexKH (cm. [30], [31], [32], [33]). 

B 3TOH CB5I3H yMCCTHO 6l.ijio 6hi nonpo6oBaTb cxpoHTB H rpa(|)t.i 6e3 xpeyrojibHHKOB xoth 6l.i na (- 
l,0,l)-BeKTopax. K coacajicHHio, k ycnexy sto hc npHBO^HT. HaM y^ajiocb ^OKasaxt 

npe/i,Jio:»ceHHe 1. Uycmb n G N. Uycmh, daAee, ki,k-i,kQ - npouseoAbHue HamypaAtHue HUCAa, e 
cyMMe damiUfUe n. Ilycmb, HanoHeii,, a - npouseoAhuoe hucao. Uoaochcum 

V = {x= {xi,...,Xn) -.y i XiG {-1,0,1}, \{i : Xi = 1}\ = ki, \{i : Xi = = k_i, \{i : Xi = 0}\ = k^} , 

^ = {{x,y}: x,yGV, |x-y|=a}. 

Todda npu Am6ux SHaueHUfix napaMempoe ki,k^i,kQ u a, Komopue zapaHmupymm omcymcmeue mpe- 
ysoAbHUKoe 6 KOHcmpyKuuu, HUMCHRfi oyenna xpoMamuHecKoso hucau spacpa G = {V,E), noAyueHHafi c 
noMom,b}o AUHeuHO-aAse6pauHecK020 Memoda, ne npeeocxodum ecAUHUHU (c + o(l))", sde 



c < 2 ■ 




= 1.058... 



/],OKa3aTejiBCTBO npe^JiojKeHHa 1 ocHOBano na no^poGnoM pasGope pa^a cjiynacB (cooTHomeHHii ueyKpy 
napaMCTpaMH) , h, nocKOJiBKy oho, c o^hoh CTopoHbi, rpoMoa^KO, c ^pyroii CTopoHti, npocTO, a rjiaBHoe, 

He HOSBOJIHCT HOJiyHHTt. HOBL.IH peSyjIBTaX B HCXOflHOH Sa^aHC, Mbl erO SflfiCh He HpHBO^HM. 

/I,ji5i Gojiee cjiojKHOcocTaBjieHHBix BCKXopoB n;ejioHHCjieHHOH pemexKH ^obojibho XHJKejio BBinHCbiBaxb 
ycjiOBHa oxcyxcxBHH xpeyrojibHHKOB. Ho-BH^HMOMy, HCHepHt.iBaiom,HH peayjibxax b 3xhx cjiynaax bosmo- 
jKen jiHniB sa cnex HpHMeHenaa HHCJienHbix MexoflOB. B Hacxoan],eH pa6oxe mbi sxhm hc aaHHMajiHct. 

3 Oll,eHKa BGJIHHHHbl Cclique(^) C nOMOIIl,bK) rpaHHD, ^JI5I paBHOBGC- 
HblX KO/],OB 

3xox pas^eji mbi pasoGbCM na xpn naparpacjia. B nepBOM Haparpa(|)e mbi oGcyjxhm oGmyjo Rflfijo nofl,- 
xo^a H c4)opMyjiHpyeM nam pesyjibxax. Bo BxopoM naparpacjje mbi ;i,oKa>KeM sxox pesyjibxax. B xpexbCM 
naparpacjDc mbi c;];ejiaeM hcckojibko saMeHaHHfl h npHBc^eM xa6jiHi];y oi^chok fl^jis pasHbix aHaneHHii k. 



3.1 M^ea no^xo^a h (JjopMyjinpoBKa pesyjibxaxa 



Mbi CHOBa xoxHM HcnojibsOBaxb rpa(|)t.i, y Koxopbix BepniHHbi - (0,l)-BeKxopL.i c (jDHKCHpoBannbiM hhc- 
jiOM ejiwiiix. B xeopHH Ko;i,HpoBaHHa coBOKynnocxn xaKnx BCKXopoB nastiBaioxcH paenoeecHUMU KodaMU, 
H npo paBHOBCCHbie ko^bi hsbccxho ^ocxaxoHHO MHoro. HanpHMep, ;i,OKa3aH pa^ BepxHHX on;eHOK ^jih 
HHCJia Ko^oBbix cjioB (x.c. KaK pas (0,l)-BeKxopoB) B paBHOBecHbix Ko^ax c ^aHHOH HHJKHefl rpaHHn;eii 
^jiH paccxoaHHa XsMMHHra. B nameM cjiynae hh>kh5I5I rpaHHi];a ^Jia paccxoHHHH XsMMHHra - sxo, no 
cyxH, BCJinnnna aanpemennoro paccxoanna. HosxoMy acno, nxo npHMeHenne nsBccxntix peayjibxaxoB ^jia 
KOflOB MOJKCX CHjibno noMOHB B namcH aa^ane. H flencxBHxejibno, y^aexca ^oxasaxb cjie^yion];yio o6n];yio 
xeopcMy. 

TeopeMa 4. Uycmh dano HamypaAtHoe hucao k > 3. Uycmh, daAee, a ub - npouseoAbuue eevnecmeeHHue 
HUCAa, ydo6Aem6opRK)UJi,ue oepaHUHCHusiM 



ae(0, 1), 6e(0, 1), b>2a, b^ > a. 



h^-a 



< k. 



Tozda 



PesyjibTaTbi ^jih KOHxpeTHbix sHaneHHit k, nojiyHeHHtie nyxcM onxHMHaai^HH no a h 6, ml.i npHBe^eM 
B naparpacjDe 3.3. ^oKasaxejibCTBo - b cjie^^yiomeM naparpa(|)e. 



3.2 ^OKasaTejibCTBO TeopeMbi 4 

riojiojKHM / = [bn]. BosBMCM MHHHMajiBHoe npocToe HHCjio p, fljiH KOToporo I — p < [an] H 



pn 



< 



b — a 



P — ln + pn — a 

Tor^a p ~ {b—a)n. HpH stom sa cnex HepaBencTBa b > 2a mbi HMeeM xaKJKe on;eHKy l—2p < 0. PaccMoxpHM 
rpacj) G = (y,E), y Koxoporo 

= {x = (xi, . . . , x„) : V 2 G {0, 1}, xi + . . . + x„ = /}, E = {{x, y} : x, y G V, |x - y| = ^/2p}. 

CnpaBefljiHBa cjie^yiomaH xeopeMa. 

TeopeMa 5. MancuMaAbHoe hucao deouHHUx n-Mepnux eenmopoe eeca I (m.e. cl eduHuv^aMu), omcmo- 
Hm,ux dpye om dpysa na paccmoHuue XaMMuma, ne Meuhiuee 26, ne npeeocxodum eeAUHunu 

6n 



P — In + 6n 

KOAb CKopo SHaMenameAb yKoaaHHOu dpo6u BoAtme nyAsi. 

^OKasaxejibcxBo xeopeMbi mojkho naflxH b KHHxe [S^. 3xa xeopeMa nosBOJiaex yxBep>K;];axb, hto 



uj{G) < k. T^eflcxBHxejibHo, nycxb H C G - HeKoxopaa Kjinxa. Torp^a ee BepniKHbi oxcxoax ffpyr ox 
flpyra Ha paccxoHHne XsMMHHra, paBHoe 2p. SnanHX, 6 = p n pasMep kjihkh H HHKaK ne 6ojibme, neu 



pn 



P — In + pn 





b — a 


< 






— a 



< k. 



Be^t. no ycjioBHio b^ > a. 

J\ajiee, jiHHeHHo-ajireGpannecKHH Mexo^i, (npHMennMbin BBn^y nepaBencxBa / — 2p < 0) jxaei on,eHKy 

X{G)> " 



HocKOjiBKy / ~ bn, a p {b ~ a)n, nojiynaeM sa cnex cxan;];apxnt.ix BL.iKjia;];oK, nxo 

'{b-a)^~''{l-b + ay'^+'' 



xiG)> 



bb{i - by-'' 



+ ol 



TeopeMa flOKaaana. 



3.3 KoMMGHTapHH H Ta6jIHIl,a OI],eHOK 

npe>K;];e Bcero oxMexHM, nxo npn k < A pesyjibxax xeopeMbi 4 cjiaGee peayjibxaxa xeopeMbi 3. 3xo 
CBsaano c xeM, nxo on;enKa h3 xeopnn Ko^npoBanna ynnBepcajitna n mbi, no cyxn, cjierxa yxonnnjin ee 
npn k G {3, 4}. Yace npn k = 5 mbi nojiynaeM b xonnocxn xy ace Koncxanxy 1.058..., nojiaraa 6 = |, a = |. 
HnjKe ML.I npHBo^HM xa6jiHn;y peayjitxaxoB, BbixeKaioninx na xeopeMti 4 npn pasjinnntix snaHeHHax k. 



k 


Jj 


CL 


C V (k) > 


k 




d 


C V (k) > 


6 


0.52 


0.208 


1.07429 


20 


0.5 


0.236 


1.12294 


7 


0.498 


0.198 


1 08575 


25 


0.47 


0.216 


1.12557 


8 


0.5 


0.208 


1 09332 


30 


0.47 


0.24 


1.12794 


9 


0.5 


0.214 


1 09924 


35 


0.5 


0.224 


1.12997 


10 


0.5 


0.218 


1.10331 


40 


0.476 


0.242 


1.13107 


11 


0.5 


0.222 


1.10749 


45 


0.5 


0.228 


1.13237 


12 


0.5 


0.224 


1.10961 


50 


0.5 


0.244 


1.13237 


13 


0.474 


0.202 


1.11244 


55 


0.472 


0.218 


1.13276 


14 


0.472 


0.202 


1.1144 


101 


0.476 


0.224 


1 13595 


15 


0.5 


0.23 


1.11615 


1001 


0.484 


0.234 


1.13917 


16 


0.5 


0.232 


1.11839 


10001 


0.495 


0.245 


1.1397 



Otmcthm ein;e opfio BajKHoe oGcToaxejibCTBo. Hs xeopeMbi 5 bvlj^ho, hto ecjiH I = ^ vi 6 = cn, c < j, to 
pasMep MaKCHMajibHoro Ko^a (MaKCHMajibHofl kjihkh) ne npeBocxo;];HT KOHcxaHTbi, Koxopaa tcm Gojibine, 
leM GjiHJKe c K ofl^HoPL HeTBepTH. 0;];HaKo xopomo HSBecxHo, hto npn c = | kjihkh b cooTBexcTByiomeM ^h- 
cTaHii,HOHHOM rpa(|)e HMerox pacxymnH pasMep, a bosmojkho, j^ayKe pasMep n. 3to cBHsano c KjiaccHHecKoii 
sa^aHefl npo MaTpHn;t.i AjxaMapa (cm. |35]). 

YKasaHHoe oGcTOHxejibCTBO b neKoxopoM CMbicjie nocjiyjKHX ocHOBoii ^jia npHMeHeHHa b cjie^yiomeM 
pasflejie Bepoaxnocxnoro ueTOfl^a, Koxoptili fljia 6ojiBmHHCXBa SHaneHHii k ^acx jiyHinne on;eHKH BejTHHHHL.i 

Cclique(/i;), HeJKejIH Xe, KOXOpbie Mbl yjKe nOJiyHHJIH. 



4 Oll,eHKa BGJIHHHHbl Cclique(^) C nOMOIIl,bIO Bep05ITHOCTHOrO MGTO^a 

OGmaH H^ea noflxo;];a cocxohx b xom, htoGm Bsaxb rpa(|)t.i, y Ka>K;];oro hs Koxopbix HSHanajibHo ecxt> 
KJIHKH cKOJib yro;];Ho Gojibinoro pasMepa, a hoxom y^ajinxt nacxt pe6ep hs sxhx rpa(|)OB, yHHHxojKHB 
B HHX Bce KJIHKH ^aHHOH BejiHHHHBi, H BL.i6paxb H3 MHOJKecxBa paccMoxpeHHbix rpacJ)OB OnXHMajrbHBIH. 
HanGojiee 3(|)(|)eKXHBHL.iM oKajKexca s^ecb BepoaxHocxHbm Mexo^ (cm. p6j, [37j, |38]). 

SaMexHM, HTo peayjiBxaxBi sxoro pas^ejia ohchb hoxojkh na pesyjitxaxbi pa6ox [39], |40] . O^naKo 6yflyx 
xyx H He6ojiBmHe, ho Ba>KHt.ie oxjihhh5I, Koxoptie npHBCflyx k HCKOxopoMy yxoHHeHHio on;eHOK. HosxoMy 
H (|)OpMyjIHpOBKH, H ^OKasaXCJIBCXBa ML.I BocnpoHSBe^eM BO Bcex no^po6Hocx5ix. 

HxaK, B naparpa(|)e 4.1 mbi c(|)opMyjiHpyeM ocHOBHBie pesyjitxaxbi. B naparpa(|)e 4.2 mbi npoBc^eM 
cpaBHCHHe HOBL.IX pcsyjibxaxoB KaK MCJKfly co6oH, xaK h c pesyjibxaxaMH paa^ejia 3. B naparpa(J)ax 4.3 h 
4.4 MBi flOKajKCM xeopcMBi H3 naparpa(|)a 4.1. 



4.1 QopMyjiHpoBKH pesyjibxaTOB 



Cjie;];yioiii;He fl^Be xeopcMbi j^aioT o6in;HH pen;enx nojiynenHH "onxHMajibHt.ix"on;eHOK jxjis Bejinnnn Cciique(^)- 

TeopeMa 6. Uycmt, k > 5 - npouseoAbuoe HamypaAbHoe hucmo, a bo E (O, |) - npouseoAbuoe eem,e- 
cmeeHHoe hucao. Uoaochcum 



To = To{bo 



1 - 



PaccMompuM 



C = C{bo, k) = {c'e [to, n]: k> 



Tl = Ti{bo) = 
21nri 



bo'' a 



<l-bo) 



In c' — In To 

IIoAOCHCUM c = c{bo, k) = inf C, ecAU C ^ ^, u c = Ti unaue. Tosda Cciiquo(^) > ^■ 

TeopeMa 7. Uycmh k > 5 - npouseoAbuoe HamypaAtHoe hucao, a bi - npouseoAhuue eeiu^ecmeeHHue 
HUCAa, ydo6Aem6opRK)Vui,ue ospaHUHenusiM 

e (0,1), 6_i + 6i<i, 6-1 <6i. 



rioAOCHCUM 

2 + 96_i + 36i - v/(2 + 96_i + 36i)2 - 12(36_i + 61)2 



A 



12 

36_i + &i „ , ^ , , 36_i + bi 



B='-^^^-2A, C = l + A 

2 z, 

Ilycmb, daAee, 

po = Po(fe-i,fei) = Pi = pi(&-i,&i) = ti-^6r'Hl - b-i - 

C = C(6_,6,lO=f'.[p„,«l: l.>[jjl!^j}. 

UoAootcuM c = c(6_i, 61, fc) = inf C, ecAU C ^ ^, u c = pi unaue. Toeda Cciique(fc) > ^■ 

HeTpy;i,HO npoBepHTb, hto b ycjioBHHX xeopeMbi 6 BejiHHHHa Tq Bcer;i,a Menbine BejiHHHHbi Ti, a noxoMy 
MHOJKecTBo C onpe;],ejieHo KoppeKTHo. B KoneHHOM cneTe HMeeM 

Cciique(A;) > max 



6oe(o,i) c{bo,k)' 

AHajiorHHHbiii KOMMeHxapHii Bepen h oTHocHxejiBHo xeopeMbi 7. HpaB^a, xaM ne ctojib oHeBH^Ho nepa- 
BeHCTBo Po < pi; ^oKasaxejiBCTBo sxoro HepaBencxBa mojkho HaflxH b |26] . B Hxore 

Cciique(fc) > max ^1*^^-1' 



6_i,f)i c(6_i, 61, /c) 

B cjie^yiomeM naparpa(|)e mbi cpaBHHM pesyjibxaxbi xeopeM 4, 6 h 7. 



4.2 ConocTaBJiGHHe pesyjibxaTOB 

npe>K;];e Bcero saMexHM, hto xeopeMti 6 h 7 oxjiHHaioxcii ox cbohx anajioroB h3 [IQ] xeM, hxo b [40J Be- 
jiHHHHa onpe;];eji3jiacb ycjioBHCM u}{G) < k, xor;];a xax xenepb mbi ;];ejiaeM Gojiee cHjibHoe orpaHnneHHe 
u}{G) < k. TeM He Menee, ^onojiHHxejibHbm BepoaxHocxHbm xpioK, Koxopbifi mbi bbcjih b ^oKasaxejibcxBa, 
nosBOJiHJi coxpaHHxt. peayjibxaxbi b xohhocxh xaKHMH ace, KaKHMH ohh Gbijih npejKfle - npn necxporoH 
on;eHKe pasMepa MaKCHMajibHofl kjihkh. CooxBexcxBeHHo, mbi coGpajiH onxHMajibHbie pesyjibxaxbi b xaGjiH- 
ii;e, Koxopyio npHBo;];HM HHJKe. B nepBOM cxoji6n;e yKasano k, bo BxopoM h xpexbCM - b_i, bi (napaMexpt.1 
H3 xeopeMbi 7), b nexBepxoM - HanjiyHinaH on;eHKa b xeopeMe 7, b naxoM - bo (napanexp hs xeopeMbi 6), 
B mecxoM - HaHjiyHinaa on;eHKa b xeopene 6, b cc^bmom - jiyHinaa h3 on;eHOK xeopeM 6 h 7; npn sxom 
B HexBepxoM H mecxoM cxoji6n;ax jkhphbim mpH(|)xoM Bbi^ejiena xa on;eHKa, Koxopaa nonajia b ceflBMofi 
cxojiGeu,. Bee oi];eHKH fl^anhi c BoceMbio xohhbimh SHaxaMH nocjie sanaxofl. 





TeopeMa 7 


TeopeMa 6 




k 


b-i 


bi 


ak)> 


bo 


C(^)> 


ak)> 


5 


0.00001734 


0.02544379 


1.00280720 


0.02825291 


1.00297305 


1.00297305 


6 


0.00071800 


0.08438940 


1.01694361 


0.09659179 


1.01838640 


1.01838640 


7 


0.00270696 


0.12703569 


1.03395854 


0.14157882 


1.03626539 


1.03626539 


8 


0.00553133 


0.15711445 


1.05011426 


0.17051644 


1.05242870 


1.05242870 


9 


0.00869977 


0.17904575 


1.06460594 


0.19035277 


1.06632451 


1.06632451 


10 


0.01190629 


0.19555639 


1.07739346 


0.20472195 


1.07816823 


1.07816823 


11 


0.01498920 


0.20833110 


1.08864080 


0.21558694 


1.08829570 


1.08864080 


12 


0.01787410 


0.21844807 


1.09855184 


0.22408139 


1.09701591 


1.09855184 


13 


0.02053497 


0.22662152 


1.10731983 


0.23090096 


1.10458387 


1.10731983 


14 


0.02297102 


0.23333932 


1.11511348 


0.23649470 


1.11120346 


1.11511348 


15 


0.02519380 


0.23894375 


1.12207552 


0.24116490 


1.11703654 


1.12207552 





ieopeMa 7 


ieopeMa 6 




7 

k 


7 




C(^) > 




C(^) > 




io 


n no TO on 1 o 

U. 02722013 


n O/io/^on/^n 

0.243o80o9 


1.128o252o 


n 0/irioooo 

0.24512232 


1 1 ooo 1 1 O /I 

1.12221184 


1 1 oo oo coo 

l.izoozozo 


17 


n nonn/^oon 

0.0290oooy 


n 0/i'7'7onc;n 

0.2477o059 


l.loo9ol95 


n o /I o c 1 ooo 
U.z4o51ozo 


1 1 O/^O OO A 7 

l.lzoooz4/^ 


1 1 oon/^ 1 n c 

1.13396195 




0.0o075od4 


n oc;iooc'0'7 


l.lo9UDo4y 


n OC1 A a AC\ A 
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on 
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n 070 /I n /I c;/^ 
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1.18467380 
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n O7no7i 71 
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1.1911DDDD 


n o7/^n/^/ii c 

0.27606415 
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1.17159101 
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1.19110000 


45 


n n/innonnc 


n 001 c^o7nn 

0.2815o709 


1.19dzo994 


n O7on/^c7o 

0.27806578 


1 i7C/iooc^n 

1.17543859 


1 1 n/^oonn a 

1.19ozo994 


5U 
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1 onn AO AP^ 

l.zUU4o4oz 
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n nc^O/ionon 

0.05242980 


n oo/ic;7/^/in 

0.28457o49 


l.zUoooolz 


n oonm con 
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1.18107971 
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1 o 1 n cnnoo 
l.zl959Uoz 


lUUU 
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1.2o75ozoD 


0.29226811 


1 on T^p AO Ar\ 

1.20564840 
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lUUUUU 


0.06390091 


0.29671712 


1.23954636 


0.29288697 


1.20709218 


1 oon A POP 
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Bh^ho, hto TeopeMa 6 cHJibnee TeopeMbi 7 jiHinb npn A; < 10. JIio6onbiTHo, hto xeopeMa 6 ^oKasbiBaexca 
c noMombio (0,l)-BeKTopoB, a xeopeMa 7 - c noMombio (-l,0,l)-BeKTopoB. Hhbimh cjioBaMH, ecjiH b no^xo^e 
c paBHOBecHBiMH Ko^aMH (BepHee, b ero "pyHHOM"aHajiore h3 pas^ejia 2) ^o6aBjieHHe MHHyc e^HHHn; 
He noMorajio (cm. §2.4), to b BepoaxHocTHOM noflxofle yBejiH'ieHHe HHCJia Koop^HHaT ^aeT yTOHHeHHs 
pesyjiBxaxoB. 

J\ajiee, hhcjio b mecTofl KOJioHxe, oneBH^Ho, cxpeMHTca k 1.207..., a hhcjio b HeTBepxofi KojioHxe 
CTaHOBHTca Bce GjiHJKe k 1.239... 3to h cyxb KOHcxaHTbi hs pa6oT |12] h |10] . b Koxopbix nojiyneHbi caMtie 
cHjTBHbie H3 H3BecTHL.ix HHJKHHe on;eHKH ^ji5i xl^^") (cM. pas^eji 1). TaKHM o6pa30M, B acHMHTOTHKe no k 
TeopeMbi 6 H 7 ^aiox oneHt cHJitHtie peayjiBTaxBi. 

Pesyjibxax xeopeMBi 4 b yKaaaHHOM cMticjie cjiaGee. Oii,eHKH b Ta6jiHij,e h3 §3.3 ne cxpeMaxca hh k 
1.207, HH K 1.239. Hx npe^ejioM HBjiHexca Bejinnnna 

1.13... ^ 2. Q .(j) . 

9xo BHflHO H3 xa6jiHH;bi, HO 3XO HexpyflHo flOKa3axb (|)opMajibHo. 

B xo yKe BpeMH npn Majibix k xeopeMa 4 Bce-xaKH jiynme. A hmchho, ona CHjitnee xeopeM 6 h 7 npn Bcex 
k < 13. TaKHM o6pa30M, pe3yjibxax xeopeMbi 6 0Ka3t.iBaexc3 hojihocxbio b nexoxopoM cMticjie Hoxptix 
pe3yjiBxaxoM xeopeMti 4. 

SaMexHM, HaKOHen;, hxo xeopeMbi 6 h 7, ho cymecxBy, ne npHMenHMBi k k < 4. TaKHM o6pa30M, b 3xoh 
oGjiacxH "mxyHHtie HOflxoflt>i"H hx o6o6n];eHH3 Hepe3 "KOflHpoBaHHe"Hpocxo He3aMeHHMt.i. 
B cjie^^yromeM pasj^ejie mbi pflKayKeu xeopeMy 6. 

4.3 ^OKasaxejibCTBO TeopeMbi 6 

3a(j3HKCHpyeM k,bQ, a cxajio Gbixb, h to,Ti,C,c. Jlerxo BnpfiTh, hxo jih6o C = 0, jih6o C = {ti}, jih6o 
C = [c,Ti], c > Tq. B HepBbix JXBjx cjiynaax yxBepac^^enne xeopeMbi xpHBHajibHO. PaccMoxpHM CHxyaH,Hio, 
Kor^a To < c < Ti. 

Bo3bMeM HpoH3BOJibHoe c' G (c, Ti). 3;i,ecb BajKHo, Hxo c' cxporo GojiBHie c, xoxH H cKOJib yro;];Ho 

6jIH3KO K C. EcJIH Mbl HOKaJKCM, HXO Cclique(^) > TO, 6ep5I HH(|)HMyM o6eHX HaCXeH HepaBCHCXBa HO c', 

Mbl HOJiyHHM HCKOMOe yXBepjK^^eHHe Cclique(^) > ^• 

HxaK, HaM HyjKHO y6e^HXbca b cymecxBOBannn xaKoii 4)yHKH;HH 6{n) = o(l), hxo npn Bcex n Han^excH 
rpacj) paccxoaHHH G = (V, E) b M", y Koxoporo oflHOBpeMenno uj{G) < k vl x{G) > (-p- + S{n)) . 



HojiojKHM ^jiH KaJK^oro ^ocxaTOHHO 6ojibmoro n G N 



V„ = {x = (xi, . . . : XiG{0, 1}, \{i : Xi = 1}\ = [bon]}. 
HycTb p - MHHHMajibHoe npocToe hhcjio, y;];oBjieTBopaioiri;ee ycjioBHio [bon] — 2p < 0. Hojiojkhm 

£„=|{x, y}: |x-y| = A/2p|, ^n = (V„,£^„). 
C noMombK) (|)opMyjiL.i CTHpjiHHra jierKO noKasaxb, hto 

N=\Vn\ = (ri + o(l))" 
B TO TKe BpeMS yace xopomo HSBecTHtiii naM jTHHeflHO-ajireGpaHHecKHii mcto^ ^aex on;eHKy 

a = aiGr,) < nCl 

HpH n — )■ oo HMeeM p ~ yn, h, sHaiHT, aa chct Bce Toii ace (|)opMyjibi CTHpjiHHra a < (tq + c 
HeKOTopoii 5 1 = o(l). 

KoHCHHO, ecjTH CHOBa BcnoMHHTb npocTyio on;eHKy xi^) > -^^^ to OKaJKexca, hto 

(•• 

c HeKOTopoH ^2 = H 3TO, Ha nepBBiH B3rji3fl, ^aace jiyHine sasBjieHHoro b xeopene peayjibTaxa. 

HenpnaTHOCTb b tom, hto rpacj) paccTOSHHii Qn Bnojine Moacex co^epjKaxb (h co^epjKHx) kjihkh pasMepa 
6ojTbme k (cp. Koneu, §3.3). 

BocnojibsyeMCH BepoHXHocxHbiM mcxo^om (cm. |36], |37) . |38)). PaccMoxpHM npoHSBOJiBHoe hhcjio 7 G 
1). TaKoe 7 cymecxByex, nocKOJiBKy c' > c > tq. Hojiojkhm g = 7", rp^e n no-npeacneMy ;i,ocxaxoHHO 
BejiHKo. HocxpoHM cjiyHaKHBiH no;];rpa(|) G = {Vn,E) rpa4)a Qn, "Kjiafl,s"B E xajK^oe pe6po hs c 
BepoHXHOcxBK) q HesaBHCHMO ox ocxajiBHBix pe6ep. OGpasyexcH BepoaxHocxHoe npocxpancxBO (r2„, Pn), 

B KOXOpOM 

l]„ = {G=(V„,i?), i?C£:j, S„ = 2^", P„(G) = gl^l(l-g)l^"l-l^l G=(V„,i?). 

Onpe;];ejiHM na Qn ABa ceMeflcxBa cjiyHafiHbix BejiHHHH. Bo-nepBbix, npn Ka>K;i,oM / G N h npn KayKflpu 
G G Vtn nojiojKHM Xi{G) paBHofi HHCJiy nesaBHCHMbix MHOJKecxB BepniHH pasMepa I b rpa(|)e G. Bo-Bxopbix, 
npH aHajiorHHHbix ycjioBHax Y„i{G) - sxo hhcjio kjihk pasMepa m b G. 

Hycxt. / = [(c')"]. 5IcHo, hxo, aa cnex nepaBencxBa c' < ri, npn 6ojiBmHx n BbinojiHeno I < N = |V„|, 
a cxajio 6t.ixB, BejiHHHHa X; KoppexxHO onpe^ejiena. 

^onycxHM, Mbi noKaaajiH, hxo 

MXi<^, MYk<j, 

r^e lepes oGosHaneno MaxeMaxHHecKoe o>KH;i,aHHe cjiyHaflHofi BejiHHHHbi ^. Torp^a no HepaBencxBy 
MapKOBa (He6bim'^Ba) hmciox mccxo oij,eHKH (cm. [41]) 

P„(.Y, > 1) < M.Y, < 1. p„ [n >j)<^<l. 

x.e. 

1 / iV\ 1 

P„(X, = 0) > -, P„ (^r, < yj > 2- 

SnaHHx, cymecxByex rpacj) G b c a((j') < / h c ne 6ojiee, hcm y, KjiHKaMH pasMepa fc. XnajiHM h3 
Ka>K;];oH KJIHKH B G HO oflHOH BepHiHHe, HOJiyHHxcs rpacj) G' c He Menee y BepmnnaMH h c a(G') < /. B 
Hxore 

^■(«')^J>-(^*))"' 



H TeopeMa ^OKaaana. (Cjie^yex tojibko saMexHTb, hto npn Majibix n ^OKasbiBaxb Henero, Be^b ml.i BOjibHbi 
Ha HanajiBHOM oxpesKe HaxypajitHoro pa^a BL.i6paxb sHaneHHa 6{n) ckojib yroflHo Gojibiuhmh no MOflyjiio.) 
Hxo yK, 6yfl,eM oii;eHHBaxb MaxeMaxH^ecKHe ojKH^aHHa. 

HaHHeM c MXi. 3a cnex jiHHeHHocxn MaxeMaxH^ecKoro oacHflaHHs, HMeeM 

MXi= Yl (l-^r^'^^ riW) = \{{x,y}e£n: ^ E W, yeW}\. 

WCVn, \W\=l 

HcHO, Hxo, nocKOjiBKy c' > Tq, TO I > a = ce{Qn) npH Bcex ^ocxaxoiHO GojibniHX n, h, cxajio Gbixb, 
^jiH KaJK^oro W C Vn, \W\ = I, BbinojiHeHO r{W) > 0. Hexpy^HO, o^naKO, ycxanoBHXt h ropasflp 6ojiee 
xoHHoe HepaBencxBo r(W) > Bepnoe npn / > a (cm. [40j). 

SaMexHM, Hxo 

I' ^ ^ (i^ + S,{n)]\ 5sin) = oil), 54H = o(l), = o(l). 



4a - {to + 54(ri))" V 
TaKHM oGpasoM, nojiaraa 



4a' 



HMeeM (c HeKoxopbiMH (5j(n) = o(l)) 



MX, < Cj, ■ (1 - g)^' < .(1 



< - + 5, 



y Hac 7 > ^. SnaHHT, '^'^'^ ^ > c\ T.e. 



c 

lie'? 



^(c'+58(n))"-(^^lHX+59{n)j 



^ 0. 



Cjie^oBaxejiBHo, npn Bcex ^ocxaxoHHo 6ojibmHx n BbinojiHeno MXi < |, h naM ocxaexca o6ocHOBaxt> 
o^eHKy MYk < f . 

3a cHex jiHHeliHocxH MaxeMaxHHecKoro ojKHflaHHsi HMeeM MY^ < C^q^^, /I^ajiee, nocKOJitKy k - koh- 
cxaHxa (x.e. k ne aaBHCHx ox n), 

MFfc < A^^' ■ (7")^^' = (ri + (5io(n))"'=7"^^ = (ri + 5^Q(^))"e"('=-i)(^^"i+ti'^^+'^"(")). 
Hs onpe^ejieHHH c h h3 ycjiOBHa c < c' bh^ho, hxo 



A; > 



21nri 



In c — In Tq 



21nri 21nri 



In c — In To In d — In Tq 



Bee HaniH npejKHne BbiKjia^^KH BepHbi npn jiioGom 7 > ^. BosbMeM 7 HacxojibKo Gjihskhm k cBoeft 
HHJKHeii rpaHHn;e, hxo6b.i OKasajiact cnpaBe^jiHBofi on;eHKa k > Tor^a, c ynexoM oxpHn;axejibHocxH 

BejIHHHHbl In 7, 

k 

In Ti + — In 7 < In Ti — In ri = 0. 

TaKHM o6pa30M, MYk = o{N) npn n — )■ 00, h nyjKHoe naM nepaBencxBo npn Gojibinnx n HMeex Mecxo. 
TeopeMa ^^OKasana. 



4.4 ^OKasaTejibCTBO TeopeMbi 7 

CxeMa flfi&cTBw npaKTHnecKH nojiHocTbio noBTopaex cboh anajior h3 npeflbiflymero naparpacj^a. Ho 
cymecTBy, pa3HHij,a tojibko b nocTpoeHHH rpacjia Qn- 
HycTb 

V„ = {x = (xi, ...,Xn): XiE {-1, 0, 1}, \{i : Xi = -1}| = [b-in], \{i : Xi = 1}\ = [bin]}. 
HycTB, ^ajiee, p - MHHHMajitHoe npocxoe hhcjio, y^oBjiexBopaiomee ycjioBHio + [bin] —2p< —2 [b^in] . 

HOJIOJKHM 

£„=|(x, y): |x-y| = A/2p|, = (V„, £^„). 
Ho CTHpjiHHry, |V„| = (pi + o(l))". KpoMe xoro, HSBecxHO (cm. |2B]), hto 

a = a{Gn) < (po + o(l))". 

HaKOHen,, HepaBencTBO XHna r{W) > |^ Bepno h a^ecb. /JajibHeHiuHe paccyac^enHH hchbi, h xeopeMa 
^oKasana. 

5 O BGJIHHHHe Cgirth(^) 

9tot pas^eji mbi pasoGteM na xpn nacxH. B nepBofi h3 hhx mbi c(|)opMyjiHpyeM HaniH ocHOBHtie pe- 
ayjiBxaTbi. Bo BTopoii h Tpexbeii nacxax mbi 3xh pesyjibxaxti ^OKaJKCM. 

5.1 OopMyjiHpoBKH pesyjibxaTOB 

^jiH nojiyneHHa oij,eHOK BejiHHHHbi Cciique(^) ML.I HcnojibsoBajiH rpa(|)t.i Gb^a = [Vb^Ea) cjie;i,yioiri;ero 
BHfla: 

Vf, = {x = (xi, . . . , x„) : V i Xi e {0,1}, xi + . . . + Xn = b}, Ea = {{x, y} : x, y G V, (x, y) = a} 

npH HeKoxopbix b m a. OKastiBaexca, b xaKHX rpacjDax Bcer^a ecxb nexHtie n;HKjibi jTio6ofi /i;onycxHMOH 
jlJinHhi. B HacxHocxH, cnpaBe;];jiHBa 

TeopeMa 8. IJycmt, b < ^, a > 1, k G N, npuHCM k>2ub — k>a. Tozda e epa^e Gb^a ecmb %uka 
Oauhu 2k. 

TeopeMy 8 mbi ^OKaJKeM b cjie^yioin;eM naparpa(|)e. Yace ceiiHac, o^naKO, acHO, hto BejiHHHHy Cgirth(^) 
He y^acxca on;eHHXb c noMombio KaKoro 6hi xo hh 6l.ijio rpa(|)a Gb^a- TpacJ^bi c 6ojiee cjiojkhoh Koop^H- 
HaxHOH cxpyKxypoii BepmHH (nanpHMep, rpa(|)bi, y Koxoptix BeprnHHti Moryx coflepjKaxb -1, a He xojibko 

H 1) ^OBOJIBHO Xpy^HO HCCJie^OBaXB Ha Hpe^MeX HajIHHHH B HHX KaKHX-JIH6o n;HKJIOB, H MBI HX xaKJKe 

B HacxoHn];eH pa6oxe ne paccMaxpHBaeM. 3axo b paMxax Hamefi cxan^apxHOH xexHOJiorHH mbi nafi^eM 
rpa(|)t.i BRjia Gb,ai Koxopbie ne co;i,ep>Kax Henenmux n;HKjioB fl^jinnhi <2k + lc jiioGbim nanepe^i, sa^^annbiM 
k H Koxopbie, xeM ne Menee, HMeiox 9KcnoHeHn;HajibHo GojibniHe xpoMaxH^ecKHe HHCjia. 3xo BecbMa jiio- 
GonbixHO, Befl,h, xax HSBecxHO, xpHxepneM ;];By;];ojibHocxH rpa(|)a cjiyjKHX oxcyxcxBHe HenexHtix n;HKjioB b 
HCM. KoHeHHo, Mbi HsGaBHMca jiHint. ox KopoxKHx n;HKjioB, H Bce jKe 9XO no-npe>KHeMy nexpHBHajiBHo. 
HxaK, o6o3HaHHM Hepes godd{G) ^Jinny KpaxHaflmero nenexHoro i];HKjia b G. Hojiojkhm 

Codd girth(A;) = sup K : 3 6 = 6{n), , Mm 6{n) = 

V n 3 G M", g,dd{G) > k, > (C + 5{n)r} • 

CnpaBefljiHBa 
TeopeMa 9. MMeem Mecmo ov^enKa 

( k \2FKr/A; + l\ ^ 



TeopeMy 9 mm flOKaaceM b naparpa4)e 5.3. Ctoht OTMeTHTt, hto 



Codd girth (3) — Cclique(3). 

HeTpyflHo BHfleTb, hto b yKaaaHHOM cjiynae oii;eHKH h3 TeopeM 3 h 9 coBnaflaioT. 



5.2 ^oKaaaTejibCTBo TeopeMbi 8 

HaM HyjKHO HafiTH B rpa4)e Gb,a n;HKji p^jiwbi 2k. Hhbimh cjiOBaMH, naM Happ npe;];tHBHTb BepmnHbi 
Xi, . . . , X2A; G Vb, ^JiH KOTopbix (xj, Xj+i) = o iipH Bcex i G {1, . . . , 2k} (s^ecb 2k + 1 = 1) . CeiiHac mbi sth 
BepmHHbi npocTo yKaaceM. fl^Jis sToro cnepBa pa3o6t>eM MHoacecxBo {l,...,n} KoopflHHaxHbix no3Hii,HH 
KajKfloro BeKTopa hs Vf, na nacTH ^41, . . . , 745: 

^1 = {1, . . . , a - 1}, A = {a, . . . , 6 - A;}, ^3 = {6 - A; + 1, . . . , 26 - 2A; - a + 1}, 

A4 ^ {2b - 2k - a + 2, . . . ,2b - a + 1}. 

HCHO, HTO 

l^il = a - 1, IA2I = 6- a- fc + l, l^al = 6- a- A; + l, IA4I = 2k. 

HpH 3T0M BCe KOppeKTHO, nOCKOJIBKy 

Tl 

b-k>a, 26-a + l<2---l + l=n, 

TaK HTO I As I > 0. 

y Kaacfloro h3 6yflyin,Hx BexTopoB xi, . . . ,X2fc b nacra A\ mm pacnojioacHM eflHHHii;bi, b nacTH - 
HyjiH. ^ajiee, HanojineHHe nacTen ^2,^3, HMeioii];Hx oflHHaKOByio moiii,hocti>, mbi Sy^eM nepeflOBaTb. B 
BeKTopax c He^eTHbiMH HOMepaMH mbi Ai 3anojiHHM eflHHHi];aMH, A3 - nyjiAMH, a b BeKTopax c neTHbiMH 
HOMepaMH ML.I, HanpoTHB, A2 3anojiHHM HyjiHMH, A3 - e;];HHHii;aMH. HaKOHen;, c nacTbio A4 mbi nocxynHM 
cjieflyioiri,HM o6pa30M. B BCKTope xi na nepBbie k no3Hii,HB[ h3 A^ nocxaBHM e/j,HHHLi,t>i, na ocxajibHBie 
no3Hii,HH nocTaBHM HyjiH. B BeKTope Xj_|_i Mbi nocTaBHM 1 Ha nocjieflHioio no3Hii,Hio, b Koxopott y BexTopa 
Xj CTOHT 1, a 3a HCH HOCJieflOBaTejiBHO pa3MecTHM eHi,e k — \ eflnnnn; (mbi CHHTaeM, hto 2k + t — t\ Tenept 
jierKO BHfleTB, hto 

(xi+i,Xi) = a- l + l = a, 

TaK HTO BepniHHbi c coceflHHMH HOMepaMH coeflHHeHM peSpaMH, hphhcm nacTb A4 ycTpoena TaK, hto 
yKa3aHHoe cooTHomeHHe Bepno h npn i — 2k. KpoMe Toro, hhcjio eflHHHii, b KaacflOM BCKTope paBHO 

{a-l) + {b-a-k + l) + 2k^b. 

SnaHHT, BCKTopbi xi, . . . , X2fe o6pa3yioT ii;hkji fljiHHbi 2k b rpa4)e G^^a, h TeopeMa flOKa3aHa. 



5.3 ^OKasaxejibCTBO TeopeMbi 9 

riojiojKHM b — [|] . Bo3bMeM MHHHMajibHoe npocToe MHCJio p, Sojibinee BejiHHHHbi 5Icho, hto, KaK 
Bcer^a, p ~ ^ ^™ flOCTaTOHHO Sojibiuhx n BbinojineHbi HepaBencTBa 

nk 

b> p> 



2k + 1 

HycTb a — b — p. OHeBH^Ho, b — 2p < 0. CKaaaHHoe cpa3y ace BjieneT oii;eHKy 



KOTopaa nojiynaeTca aa ciex jiHHeHHott ajireGpbi. B cboio onepeflb, cTanflapTHaa anajiHTHKa (4)opMyjia 
CTHpjiHHra) noKasMBaeT, hto 



f k 




nC^ \ \2k + l 

TaKHM o6pa30M, ocTaeTca yGeflHTbca b tom, hto g'odd(G^6,a) > 2A; + 1. 

HpeflnojioJKHM, b „ ecxb ii,hkji na BepniHHax xi, . . . , X2fe+i. 06o3HaHHM nepea Ai, i — 1, . . . ,2k + 1, 

MHOJKeCTBO KOOpflHHaTHblX n03HIi;HH, Ha KOTOpblX B BCKTOpe Xj CTOHT e;i;HHHII,I.I. 

JleMMa 1. Uycmb \Ai Ai\ — a. Tozda \ Ai fl A+2I < a + n + 2a — 26. 

^OKaaaTejibCTBO jieMMbi 1. Hocmotphm cnepBa na BexTop x^+i h cooTBeTCTByioiri,ee MHOJKecTBo Aj+i. 

rioCKOJIBKy 

|{l,...,n}\ (Ai U A)| =n-2& + Q;, 
KOJiHHecTBO sjieMeHTOB MHOJKecTBa HaxoflflmHxca B MHOJKecTBe {1, . . . , n} \ (^1 U Ai), MOJKHO npefl- 

CTaBHTb B BHfle n — 26 + CK — £, £ > 0. ripH 3T0M, KOHeHHO, \Ai fl — SnaHHT, 

|74j+i n (^41 \ Ai) \— h — a — {n — 2h-\-a — e) — ?>h — a — a — n-\-e. 

HOJIOJKHM 

l^i+in (A^n A)| = a-5, |Ai+in(Ai\>li)| = 5, O < 5 < a. 

Tenepb paccMOTpHM Aj_|_2. /],a6bi noHATb, b KaxoM cjiynae nepeceneHne SToro MHOJKecTBa c Ai HMeeT 
HaHSojibinyio MOii],HOCTb, pa3o6i.eM Ai na nacTH: 

A, = (A+i n (Ai \ Ai)) |J(A,+i n {A, n A^)) |J = 5i |J ^2 □ B^. 

BejiHHHHa IA+2 n ^i| MaKCHMajiBHa, kojib CKopo Aj+2 n ^ BlU B2. CjieflOBaTejiBHO, 
|A+2nAi| < |A+2n>li+i| + |S3| = a+b-{3b-a-a-n+e)-{a-S) = n-2b+a+a-e+5 < n-2b+2a+a. 
JleMMa flOKaaana. 

Mbi 3HaeM, HTO n ^42! = a. CTajio Gbitb, jieMMa 1 roBopHx, hto 
\Ai n A4I <a + {n + 2a- 2b), \Ai n Ae\ < a + 2{n + 2a - 2b), , \Ai n ^2^+2! < a + A;(n + 2a - 2b), 
Tj\e A2k+2 = Ai. EcjiH MBI ceHHac flOKaaceM, hto a + k{n + 2a — 2b) < b, to mbi, OHeBH^HO, npn^eM k 

npOTHBOpeHHK), BeflB 

\AinA2k+2\ = \AinAi\= b. 

HTaK, 

a + k{n + 2a-2b) ^b-p + k{n + 2(6 - p) - 26) = 6 - p(2A; + 1) + A;n< 6 - ^ ^ ■ {2k + l) + kn^b, 
H TeopeMa 9 flOKaaana. 

6 HecKOJibKO 3anpeiu,eHHbix paccToaHHH 

B 3T0M pasflejie Sy^eT mecTB naparpacJjOB. B nepBOM h3 hhx mbi paccKaaceM 06 hctophh aaflann 

o xpoMaTHHecKOM HHCjie npocTpancTBa c necKOjiBKHMH 3anpeiri;eHHL.iMH paccToaHHHMH h nocxaBHM namy 
ocHOBHyio 3a/],aHy. Bo BTopoM iiaparpacj^e mm iipHBe^eM 4)opMyjiHpoBKy ocHOBHoro pesyjiBTaxa. B xpeTteM 
naparpa4)e mbi stot pe3yjiBTaT ^oKajKeM. B HexBepxoM iiaparpa4)e mbi /],a/],HM hcckojibko KOMMenxapiieB 
o CBfl3H flOKa3aHHoro HaMH pe3yjiBxaxa c ero anajioraMH h3 npeflBiflyiii,Hx pa3flejiOB. HocKOJiBKy b 4)opMy- 
jiHpoBKe ocHOBHoro pe3yjiBxaxa Sy^ex npncyxcxBOBaxB onxHMH3aii,H5i no necKOJiBKHM napaMexpaM, mbi b 
naxoM naparpacj^e paccKaaceM o pemeHHH cooxBexcxByiomefi onxHMH3aii;HOHHOH sajxaHU (xoxopoe caMO no 
ce6e nexpHBHajiBHo) . HaKoneu,, b mecxoM iiaparpa(j3e mbi iipHBe/j,eM neKOxopbie Ta5jiHu,Bi c HncjiennBiMH 
pe3yjiBxaxaMH, KoxopBie iiojiynaioxca npn pemennn ynoMHnyxoii BBime onxHMH3an,HonnoH 3aflanH. 



6.1 McTopHH Bonpoca h nocTanoBKa ochobhoh sa^ann 

B HacToameM paa^ejie nac GypyT HHTepecoBaxb ;i,HCTaHij,HOHHt.ie rpa(|)L.i, y Koxopbix BepniHHbi no- 
npejKHCMy hbjihiotch sjieMenxaMH npocxpaHcxBa c eBKjiH;i,oBOH MexpHKofl, a pe6pa sa^^aioxca ne oflfinM 
aanpemeHHBiMH paccxoaHHCM, ho neKoxopbiM KonenHbiM MHoacecxBOM sanpexoB A. A hmchho, mbi npe>K;],e 
Bcero paccMoxpHM BejiHHHHy 

x(M",^) = mm|x: R"" = V^\J. . .\JV^, V z V x, y G V. |x-y| ^^}. 

KoHeHHo, MOJKHo HbixaxbCH Hccjie;];oBaxb pasjiHHHbie cBoficxBa BejiHHHHbi x(M"',^) b saBHCHMocxH ox 
xex HjiH HHL.IX xapaKxepHcxHK MHOJKecxBa A. O^HaKo 3flecb mbi orpaHHHHMca BapnanxoM sa^anH, npn 

KOXOpOM HCKOMOii HBJIHeXCH BejIHHHHa 

x(M";m) = max 

A, \A\=m 

BejiHHHHy x(M"'; m) paccMaxpHBaji eme IT. 3p^em, Koxopbiii snaji, nanpHMep, hxo 

cimVlnm < xi^-^] ^) < C2m^, ci, C2 > 0. 



no^o6HL.ie pesyjibxaxbi onHcaHbi b oGsope [20]. 

AxKypaxHO no^cHHxaHHbie HHJKHHe on;eHKH ^jia xpoMaxHHecKHX HHceji ^)) kojtb CKopo n — )■ oo, 

BnepBBie Gbijih npHBe^enbi b cxaxbe [19j. TaM 6t.ijio ^^oKasano, hxo 

X(ffi"; 1) > (1.239... + o(l))", x{W- 2) > (1.439... + o(l))". 

KpoMe xoro, xaM 6t.ijia ycxanoBjiena oGmaH hhjkhhh on;eHKa, cnpaBefljiHBaa flaace b cjiynae jiio6oii cJjyHK- 
i];hh m = m{n): 

X(M"; m) > (cim)"^", Ci,C2>0. 

KoHcxaHXbi Ci, C2 GbijiH lepesBBiHaHHO MajientKHMH (nopa^xa 2"^°°°'^), nosxoMy nosjKe yKaaaHHbiH pesyjib- 
xax yxoHHiijica (cm. |l2]). A b pa6oxax [32], |33] 6bijia pasBHxa onxHMH3an;HOHHaa xexHHKa, nosBojiHBinas 
HafixH onxHMajiBHBie (b paMKax neKoxoporo Mexo^a) KOHcxanxbi xnna 1.239 h 1.439. HepeHHCJiHM 3xh 
pesyjibxaxbi: 

X(M"; 2) > (1.465... + o(l))", x(K"; 3) > (1.667... + o(l))", x(M"; 4) > (1.848... + o(l))^ 

X(M"; 5) > (2.013... + o(l))^ x(K"; 6) > (2.165... + o(l))", x(M"; 7) > (2.308... + o(l))", 

X(M"; 8) > (2.442... + o(l))", x(K''; 9) > (2.570... + o(l))", x(K"; 10) > (2.691... + o(l))", 

X(M"; 11) > (2.807... + o(l))", xi^""; 12) > (2.919... + o(l))", x(K"; 13) > (3.026... + o{l)y 

X(M"; 14) > (3.130... + o(l))", x(K"; 15) > (3.231... + o(l))", x(M"; 16) > (3.328... + o{l)y 

CnHcoK MOJKHo npo^ojTJKaxB H ^ajiBine. 

Hxo KacaexcH BepxHHx on,eHOK BejiHHHH x(^"; ^); to HH^ero jiynmero ne npn^yMano, neacejiH oij,eHKa 

^m)<(3 + o(l))"^ 



MFHOBeHHo Bi>ixeKaK)iu;aa hs nepaBencxBa x(^"; 1) ^ (3 + o(l))", Koxopoe mbi yace Li;HXHpoBajiH b pas^^ejie 
1. rioHHXHO, Hxo c pocxoM 171 3xa oij,eHKa KaxacxpocJiHHecKH y;i,ajiaexcji ox HMeiomHXCH hhjkhhx oii,eHOK. 
BnponeM, no-BH^HMOMy, hmchho BepxHHe oij,eHKH no;i,jie>Kax ;i,ajibHeHmeMy ycHjicHHio. 

KaK H B npe^mecxByiomeH nacxH pa6oxt.i, nac 6y;i,yx HHxepecoBaxt rpa(|)t>i paccxoHHHfl c orpann- 
HeHHbiM KjiHKOBbiM HHCjioM. HpH 3XOM xcnepb HaiuH rpa(|)t.i paccxoHHHH - 3XO noflrpa(|)t>i B rpa(|)ax 

= (^) ^a) ) y KOXOpblX 

QJ = M", €^ = {{x,y}: |x-y|G^}. 
OcHOBHbiM o6x.eKxoM Hamero Hccjie;];oBaHHa 6y^ex BejiHHHHa 

Cciique(A;,"^) = sup U : 3 6 = 6{n), , lim5(n) = 

L 71— >oo 



V n 3 ^ m 3G 0^, u{G) < k, x{G) > (C + ^W)"} ■ 

PaayMeeTCfl, Cciique(^) 1) — Cciique(^); TaK HTO TyT MM CKOHi];eHTpHpyeMCfl Ha cjiynaflx m > 2. 

B cjie;];yK)iii,CM iiaparpacj^c mm ccf^opMyjiiipycM nam ochobhoh peayjitTaT. SaivieTHM, hto b stom paa^ejie 
MM He cTaneM roBopHTb npo o6xBaT, T.e. npo BejiHHHHy 

Qirth{k,m) = sup \( : 3 5 — 5{n), , lim = 

yn3Am3G(5A: g{G) > k, x{G) > (C + S{n)r] , 
KOTopaH TaKJKe, kohchho, HMeex cmbicji. 

6.2 OopMyjiHpoBKa peayjiBTaTa 

HaM y^ajiocb ^OKasaxb cjie;];yioin,yio xcopcMy. 

TeopeMa 10. Uycnih danu Hucjia k u m. Uycmh manotce r > 1 - npouseoAbHoe HamypaAbHoe hucjio. 
PaccMompuM cuMUAeKC 

A = {V = (^;o, Vi,...,Vr) : Vie[0,l], Vq + Vi + . . . + Vr ^ I}. 

/J^AH KttCHcdoeO V G A nOAOCHCUM 

r ^ ^ 

g{t) = g{t,v) - J2Ht>j:^ 0-.}^^^' = = / ^ = ^^^^ ^ I " 

^=0 ' 

b = (0,l,...,r), e = (l,...,l), 



H' = H\w) = {'n = {,^o.....Vr): m^i^M (r7,e) = l, (ry, b) < 



/(^) = a = (ao,ai, . . . ,ar), 

k — 2 

p(v) = min{/(T7)} ^/(v). 

Todda 

Cciique(A:,m) >e^W. 



■s' -s' 



m + 1 J ' 



CjieflCTBHeM H3 TeopeMbi flBjiaeTca yTBep^Kflenne o tom, hto 

Cclique(^)^) ^ HiaX HiaX e^^"^^ . 

5IcHo, HTo Mbi tcm caMbiM HMccM HeTpHBHajibHyK) saflaHy Ha noHCK sKCTpeMyMa. Mbi nocxynnM xax. 
CnepBa b naparpacj^e 6.3 ^OKajKeM TeopeMy 10. /^OKaaaTejiBCTBO Sy^eT onnpaTbCfl na BepoflTHOCTHbiH 
MBTOfl, nofloSno TOMy, xax sto Sbijio c xeopeMaMH 6 h 7. SaxeM b naparpa4)e 6.4 mbi npoKOMMeHTHpyeM 

CBHSb xeopeMbi 10 c xeopeMaMH 6 h 7. B iiaparpa(|)e 6.5 mm oScyauM sa^any OTbicKaHHH HHTcpccyiomero 
Hac SKcrpeMyMa. HaKOHeu,, b iiaparpa4)e 6.6 mbi npHBe^eM Ta6jiHii;t>i pesyjiBTaTOB, KOTopbie mbi nojiyHHM 
B HTore /],jia: pasjiHHHbix nap riapaMexpoB fc, m. 

SaMBTHM, HTO SfleCB Mbl HB CTajIH npHBJieKaTb TeXHHKy TeOpHH KOflHpOBaHHa, HO paSOTaeM JIHinb c 
BepOaTHOCTHbIM nOflXOflOM. 



6.3 ^OKasaTejibCTBO TeopeMbi 10 

3a(|)HKCHpyeM HHCJia /c, m h r, a xaKJKe bcktop v G A. Ecjih p(v) < 0, to yTBepacfleHHe TeopeMbi 10 
TpHBHajibHO. riosTOMy Gyfl^eM CHHTaxb, hto p(v) > 0. 

riojIOJKHM 

V„ = {x = {xi, ...,Xn): e {0, 1, . . . ,r}, V j G {0, 1, . . . , r - 1} \{i : = j}\ = [vju], 

Xi = r} \ = n - [vqu] - ... - [Vr^iu]}. 

HnblMH CJIOBaMH, HHCJIO KOOp;];HHaT BejIHHHHbl j B Ka>K;],OM BCKTOpe H3 V„ aCHMHTOTHHeCKH paBHO Vjll. 

Hexpy^Ho BH^exb, hto tcm caMtiM 

iV=|V„| = (e-^(^) + o(l))". 

riojiojKHM, ^ajiee, 

s= max(x, y), s= min (x, y). 

x.yeVn x,yeV„ 

HecjiojKHO yGe^HTbCH b tom, hto s ~ s'n, s ~ s'n (cm. xaKJKe [33j ) . 

HycTb p - MHHHMajiBHoe npocToe hhcjio, y^oBjiexBopaiomee ycjiOBHio s — {m + l)p < s. Tor^a c ynexoM 

HSBeCTHblX (|)aKTOB H3 TGOpHH HHCCJI (cM. §2.2) HMCCM p ~ 7^^- 
HOJIOJKHM 

A = |v/2^, v^, . . . , v/2^} , 

£„ = {{x,y}: |x-y|e^}, Gn = {Vn,Sn) e &a- 
B paGoTe |32] noKaaano, hto 



a = a'" 



Mq! ■ Ml! ■ . . . ■ Url' 



r^e 



= {u = (uo, . . . , Ur) : tij G N, (u, e) = n, (u, b) < p — 1} 
CTaH^apTHbifi anajiHs c ynacxHeM (|)opMyjiL.i CxMpjiMHra ^aex sanncb 

— min /(rj) 

a < ( e "s^' + o(r 



^ajiee, cjie^^yex npHMennxb BepoaxHocxHbifl Mexo^. fl,Jis sxoro Bt>i6epeM HCKOxopbie napaMexpt.1. Bo- 
nepBbix, nycxb 7 G [0,1] xaKOBO, hxo ln7 < ^"^^ h hxo — min{/(r7)} — ln7 < — /(v). Hocjie^^HeMy 

ycjioBHio MOJKHO y^oB jiexBopHXb , nocKOjiBKy p(v) > 0, x.e. 

-min{/(r7)}-^<-/(v), 

a 3HaHHx, HyjKHo npocxo 6paxb jiioGoe 7, npn KoxopoM In 7 ^ocxaxoHHo 6jih30k k BejiHHHHe ^-^^^^ , xoxa h 
MeHbine ee cxporo. Bo-Bxopt.ix, nycxb c xaxoBo, hxo oflHOBpeMeHHo 

Inc < — /(v), Inc > — min{/(r7)} — In 7. 
TaK, onaxb >Ke, mojkho c^ejiaxb, nocKOJiBKy, BBH^y nepaBencxBa — min{/(r7)} — ln7 < — /(v), nnxepBaji 

min{/(T7)} -ln7, -/(v; 

He nycx. 



HojiojKHM q = 'f"', I = [c"] (cp. §4.3). HocTpoHM Ha ocHOBe rpa4)a Qn cjiyHattHbiii rpacj) c BepoHTHocTbio 
peGpa q. OnpeflejiHM cjiyHaftHbie BejiHHHHbi Xi a Yf^ b tohhocth Tax ace, xax oflHOHMeHHbie BejiHHHHti 
onpeflejifljiHCb b naparpa4)e 4.3. KoppeKTHOCTb h HeTpHBHajiBHOCTb onpeflejiennfl BejiHHHHbi Xi cjie^yeT 

H3 TOrO, HTO 

i = (e'- + o(l))"< (e-^W + o(l))" = 7V, I > (^e~ + o{l)J > a. 

PasyMeexcH, mbi Bciofly ^ajiee 6yfleM CHHTaxb, hto n ^ocTaTOHHO bcjimko, oiiycKaa yiiOMHHaHHC 06 3tom. 
OcTaexca (cm. §4.3) noKasaxb, hto MXi < | h MY^ < ^. IIpoBOflHM snaKOMbie BbiKjia/],™: 

— min {/(r?)} 

Mbi 3HaeM, HTO Inc > — min{/(r7)} — In 7. SnanHT, Inc + ln7 > — min{/(r7)}, x.e. 7c > e 

TaKHM o6pa30M, 



- min {/(J7)} 

e "Sif' 



> c, 



OTKy^a 



a CTajio Sbitb, 



(c + o(l))"-( . +0(1) ) ^-00, 



2 



B CBOK) oiepeflb, 



< C%q'^^^ < N^q'^^k = N ■ N^-^q'^l, 
H HaM flocTaTOHHO yGeflHTbca b tom, hto caMOM flejie, 

Ho MBI 3HaeM, HTO ln7 < "^^y^, a 3HaHHT, 

-/(v)(^ - 1) + • ln7 < -f{^){k - 1) + f{^){k - 1) = 0, 

Tax HTO e-^^^^^^-i^+^^-^'^T ^ H N^-^q^l 0. 
HxaK, MBI noKa3ajiH, hto 

Cciique(^,m)>^^ = e-^(^)-i^^ 

AUO C 

KOTopBix In 7 < ^"^^ , nojiynaeM ou,eHKy 



Bepa B 3T0M HepaBencTBe HHcJjHMyM no c, fljia KOTopBix Inc > — min{/(77)} — In 7, h cynpeiviyM no 7, fljia 



-/(v)+ mm{/(j7)}+Mx) 

TeopeMa 10 flOKa3aHa. 



6.4 HeGojibinoit KOMMGHTapHH k TeopeMe 10 

Ha oGmHx coo6pa>KeHHH noH3THo, hto xeopeMbi 6 h 7 ^^ojijkhbi Gmtb nacTHbiMH cjiynaHMH xeopeMbi 
10. B ^eflcTBHTejibHocTH, TaK OHO, KOHCHHo, H ecTb. Pa3HHn;a saKjiioHaeTca b tom, hto b xeopeMax 6 h 

7 Mbl CMOrjIH B HBHOM BRflfi OTBICKaTb MHHHMyM, BOSHHKaiOmHH B c})OpMyjIHpOBKe TeopCMbl 10. HhBIMH 

cjioBaMH, ecjiH B TeopeMe 10 BejiHHHHa p(v) BKjiioHaeT b ceGa MHHHMH3aii;Hio no rj, to b TeopeMax 6 h 7 sTa 
MHHHMH3an;H3 npoH3Be;];eHa sapanee. HpH stom b nocjieflfmx ^Byx TeopeMax r = 2 h r = 3 cooTBeTCTBenno. 
PaayMeeTca, mbi c TaKHM ace ycnexoM motjih b Tex TeopeMax nojiaraTt r = 4 h t.^., paccMaTpHBaa ne (0,1)- 
BeKTopbi H He (-l,0,l)-BeKTopt.i (KOToptie c TOHKH speHHJi Hameli sa^ann paBHOCHJibHti (0,l,2)-BeKTopaM), 
a (0,l,2,3)-BeKTopL.i h t.^. PaayMeeTca, Taxoe ycjiojKHeHHe npHBejio 6hi k TOMy, hto HaflJie>Kain;Hii MHHHMyM 
HO 77 Mbi He cMorjiH 6hi HaHTH HBHo. Ho cyTb He B TOM. A cyTb B TOM, HTo HeHocpe^cTBeHHaa HpoBepKa 
HOKasbiBaeT oTcyTCTBHe cKOJib-HH6y;];b saMeTHbix yjiynmenHH peayjibTaTOB TeopeM 6 h 7 npn nepexo^e 

K GojIBHieMy KOJIHHeCTBy 3HaHeHHH KOOp^HHaT B Ka^KflpM BeKTOpe KOHCTpyKH;HH. HMeHHO HOSTOMy Mbl 

BbiflejiHjiH cjiynafl m = 1: b neM ;];ocTaTOHHO 6paTb r = 2, r = 3, h 3to HOSBOjiaeT ynpocTHTb BbiHHCjieHHa. 

HanpoTHB, B TeopeMe 10 Bejinnnna m HpoHSBOJibHaa, h na noBepxy OKasbmaeTCH, hto neM Gojibme 
m, TeM Gojibme oHTHMajibHoe ananeHHe r. OneBH^no, hto c GojibniHMH r h nepeGop ho cHMHjieKcy A 
BecbMa TpYflpeMOK, a CTajio 6biTb, TpeGyioTca neTpHBHajibHbie cooGpajKeHHs, HOMoraiomne TaKofi nepeGop 
ocymecTBjisiTb sa paayMHoe BpeM3. Bjiaro ^Jia Kaac^oro v G A naM eme nyjKHO BbinncjiHTb MHHHMyM no 
rj & H', r^e H' ^obojibho XHTpo caMO saBHCHT ot v. 

Anajiornnnyio Hpo6jieMy b nnoii CHTyaH;HH npeo^ojiejin aBTopbi CTaTbn |33j. B cjie^yion^eM naparpa- 
(|)e Mbi nanoMHHM SKCTpeMajibnyio aa^any, KOTopyio hm y^ajiocb peniHTb, n ybn^HM, hto nana aa^ana 
npaKTHHecKH c nefi coBna^aeT. B HTore naM ocTaneTca jinnib nanoMHHTb ocnoBHbie n^en ns paGoTbi 
flaGbi npoacHHTb BosnnKnoBenne nncjiennbix flannbix b naparpa(|)e 6.6. 

6.5 PemeHHe SKCTpeMajibHoii 3a/i;aHH 

HTaK, naM xoneTca nncjienno OTbicKaTb 



max max e 

r>l vSA 



min^sif'{/(^)}-^/(v) 



OflnaKo B pa6oTe [33] nsjioacena Texnojiorna oTbicKanna 



maxmaxe"^'"^e^'^^(^)>-^("\ 

r>l veA 



TaM cjierxa nnbie oGosnanenna, no cmmcji HMenno TaKon. 

HonHTno, hto pa3nHn;a Me^Kpy sa^anaMn oTcyTCTByeT, Be^b k - sto KoncTanTa. Hnace mm jinnib na- 
noMnnM ocnoBnyio cxeMy onTnMn3an;nH. 



HpeJK^e Bcero npn Kaac^oM r nn^eM 



(mm{/(r,)}-^/(v)) 



max 

veA Xr/eH' 

/I,ajiee, saMenaeM, hto b H' nepaBencTBO mojkho saMennTb pabencTBOM, T.e. naM nyacno nanTH 

Sr,m,k = max ( min /(s) - ^-^/(v) ] , 

' ' veA \seA, (s,b)=h{v)/(m+l) k J 

rflfi h{-v) = s' — s'. 

Bbo^hm BeKTopbi a*, ncxo^^a h3 yTBepiK^enna (npe^JioJKenne 2 h3 [33]): (fyyuKii^usi /i(v) eosnyma na A, 
a HepaeeHcmeo h{v) > q npu awBom q paenocuAhHO cucmeMe us ne 6oAee hcm 2^""^ auhcuhux HepaeeHcme 
(v,a*) > q c v^eAUMU Heompuv^ameAbHUMU eenmopaMU a*, ne 3aeucsiui,UMU om q. HojiynaeM (TeopeMa 1 

H3 [33J), HTO 

Srmk= max max ( min /(s) ; — min /(v' 

' ' i=l,...,2'— 1 0<p<u)(r,m) VseA, (s,b)=p k veA, (v,a*)=(m+l)p 



r^e 

r — 1 — 1 



2 '6(m + l) 



fl^jis jiioGoro A > nojiaraeM 



A = ^(l,A,A^...,A'^-l) GM^ 

i=o 

A fljia jiioGoro BexTopa a = (oi, . . . , a^) c n;ejit.iMH HeoTpHn;aTejiL.Hi.iMH Koop^HHaTaMH nojiaraeM 

1 



(A"^A'^^...,A'^'■) G 



j=0 



OKasbiBaeTca, hto (xeopeMa 2 hs [33j 



Sr,m,k = max max ( /(A) - ^/ (aa^O 

i=l,...,2'— 1 0<p<w{r,m) \ K 

r-l 

Tj\e A - e;];HHCTBeHHt.iii nojiojKHTejibHbiii Kopenb nojiHHOMa ^ ( j —p)z\ a /i - e;i,HHCTBeHHL.ifi nojiojKHxejib- 
HBIH KopeHb nojiHHOMa Yl — {fn + z^'^^^- 

3=0 

TaKaa sa^^ana pemaexcH ;];ocTaTOHHo jierKo. Ee HHCJieHHoe pemeHHe onHcano b naparpa(|)e 4 cxaxBH |33] . 
ero Mbi H peajiHsyeM npn nojiyneHKH xaGjiHii; hs cjie;i,yioiii;ero naparpacjia, Koxopbifi saBepmaex HacxoHmHH 
pasfleji, a c hhm h bck) namy pa6oxy. 



6.6 Ta6jiHii,i>i pesyjibTaTOB 

B xa6jiHn;ax, Koxoptie mbi npHBO^HM HHace, oxpaJKCHBi m ox 1 flo 20. J\jiii KaJK^oro m BejiHHHHa k 
Menaexca b cxaH^apxHbix npe^ejiax 1 - 20, 25, 50, . . . Mbi xaxjKe yxasBiBaeM sHaneHHe r < 10, bhjioxb 
Koxoporo npHxo;i;HjiocB HCKaxB MaKCHMyMBi ;i;ji5i flaHHBix m a k. Bii;i;ho, hxo npH m < 11 n npH A; — t- cxd 
BejiHHHHa HCKOMOH KOHcxaHXBi cxpeMHxcH poBHo K xoH BejiHHHHe, Koxopas ^aHHoro m BBinncana B 
naparpacjDe 6.1. HpH m > 11 HaHHHaioxca HeGojiBmne pacxoac^eHHSi, CBasaHHBie c xeM, hto mbi He GpajiH 
r > 10. Hocjie^Hee oGcxoaxejiBcxBo oGycjioBjieno, b cboio onepe^B, nexBaxKoli MomHocxH nepconajiBHoro 
KOMnBioxepa. Ecjih HanncaxB nporpaMMy, flejiaiomyio pacnpe^ejieHHBie BBiiHCJieHHa, h sanycxHXB ee na 
Kjiacxepe, xo mojkho Gy^ex 6paxB r nopa^Ka 20, a 3xo h ecxB xa BejiHHHHa, Koxopyio HcnojiBsoBajiH aBxopBi 
pa6oxBi |33] . 

CxoHx oxMexHXB, HTO ecxB xpH KjiexKH B nepBOH xa6jiHii;e, r^e cxohx xonnaa e^HHHii;a. 3xo cooxBex- 
cxByex xoMy, hto BepoaxHocxHBiii Mexofl ^aex 3KcnoHeHii;HajiBHBie oii;eHKH xpoMaxHHecKoro iHCJia He npn 
Bcex k. Hpn m = 1 mbi h npeac^e pa6oxajiH jihiub c k > 5. Hhbimh cjioBaMH, hcho, hto saBeflOMo hmcioxch 
CHxyaii;HH, Kor^a H^en xeopnH KO^HpoBaniiH Moryx homohb ii s^ecB — npii m > 1. 
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